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The 1976 ACM Taring Award was presented jointly to Michael A. Rabin 
and Dana S. Scott at the ACM Annual Conference in Houston, October 
20. In introducing the recipients, Bernard A. Galler, Chairman of the Taring 
Award Committee, read the following citation: 

"The Taring Award this year is presented to Michael Rabin and Dana 
Scott for individual and joint contributions which not only have marked 
the course of theoretical computer science, but have set a standard of 
clarity and elegance for the entire field. 

Rabin and Scott's •959 paper, 'Finite Automata and Their Decision 
Problems,' has become a classic paper in formal language theory that 
still forms one of the best introductions to the area. The paper is simul- 
taneously a survey and a research article; it is technically simple and 
mathematically impeccable. It has even been recommended to under- 
graduates/ 

In subsequent years, Rabin and Scott haw~ made individual contributions 
which maintain the standards of their early paper. Rabin's applications of 
automata theory to logic and Scott's development of continuous semantics 
for programming languages are two examples of work providing depth 
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and dimension: the first applies computer science to mathematics, and 
the second applies mathematics to computer science. 

Rabin and Scott have shown us how well mathematicians can help a scien- 
tist understand his own subject. Their work provides one of the best models 
of creative applied mathematics." 

That was the formal citation, but there is a less formal side to this 
presentation. I want you to understand that the recipients of this award 
are real people, doing excellent work, but very much like those of us who 
are here today. Professor Michael Rabin was born in Germany and emigrated 
as a small child with his parents to Israel in 1935. He got an M.Sc. degree 
in Mathematics from the Hebrew University and later his Ph.D. in 
Mathematics from Princeton University. After obtaining his Ph.D. he 
was an H. B. Fine Instructor in Mathematics at Princeton University 
and Member of the Institute for Advanced Studies at Princeton. Since 
1958 he has been a faculty member at the Hebrew University in Jerusalem. 
From 1972 to 1975 he was also Rector of the Hebrew University. The 
Rector is elected by the Senate of the University and is Academic Head of 
the institution. 

Professor Dana S. Scott received his Ph.D. degree at Princeton University 
in 1958. He has since taught at the University of Chicago, the University 
of California at Berkeley, Stanford University, University of Amsterdam, 
Princeton University, and Oxford University in England. 

Professor Rabin will speak on "Computational Complexity," and 
Professor Scott will speak on "Logic and Progamming Languages." 

Rabin's paper begins below; Scott's paper begins on page 47. 

The framework for research in the theory of complexity of computations is 
described, emphasizing the interrelation between seemingly diverse problems 
and methods. Illustrative examples of practical and theoretical significance are 
given. Directions for new research are discussed. 

1 
I n t r o d u c t i o n  

The theory of complexity of computations addresses itself to the 
quantitative aspects of the solutions of computational problems. Usually 
there are several possible algorithms for solving a problem such as 
evaluation of an algebraic expression, sorting a file, or parsing a string 
of symbols. With each of the algorithms there are associated certain 
significant cost functions such as the number of computational steps 
as a function of the problem size, memory space requirements for the 
computation, program size, and in hardware implemented algorithms, 
circuit size and depth. 

The following questions can be raised with respect to a given 
computational problem P. What are good algorithms for solution of the 
problem P? Can one establish and prove a lower bound for one of the 
cost functions associated with the algorithm? Is the problem perhaps 
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intractable in the sense that no algorithm will solve it in practically 
feasible time? These questions can be raised for worst-case behavior 
as well as for the average behavior of the algorithms for P. During the 
last year an extension of algorithms to include randomization within 
the computation was proposed. Some of the above considerations can 
be generalized to these probabilistic algorithms. 

These questions concerning complexity were the subject of intensive 
study during the last two decades both within the framework of a 
general theory and for specific problems of mathematical and practical 
importance. Of the many achievements let us mention: 

--The Fast Fourier Transform, recently significantly improved, with its 
manifold applications including those to communications; 

--Showing that some of the mechanical theorem proving problems 
arising in proving the correctness of programs are intractable; 

--Determining the precise circuit complexity needed for addition of 
n-bit numbers; 

--Surprisingly fast algorithms for combinatorial and graph problems 
and their relation to parsing; 

--Considerable reductions in computing time for certain important 
problems, resulting from probabilistic algorithms. 

There is no doubt that work on all the abovementioned problems 
will continue. In addition we see for the future the branching out 
of complexity theory into important new areas. One is the problem 
of secure communication, where a new, strengthened theory of com- 
plexity is required to serve as a firm foundation. The other is the 
investigation of the cost functions pertaining to data structures. The 
enormous size of the contemplated databases calls for a deeper 
understanding of the inherent complexity of processes such as the 
construction and search of lists. Complexity theory provides the point 
of view and the tools necessary for such a development. 

The present article, which is an expanded version of the author's 
1976 Turing lecture, is intended to give the reader a bird's-eye view 
of this vital field. We shall focus our attention on highlights and 
on questions of methodology, rather than attempt a comprehensive 
survey. 

'1 i l i ' i n g  
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2 
Typical Problems 

We start with listing some representative computation problems 
which are of theoretical and often also of practical importance, and 
which were the subject of intensive study and analysis. In subsequent 
sections we shall describe the methods brought to bear on these 
problems, and some of the important results obtained. 
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2.1 
C o m p u  t a b l e  F u n c t i o n s  

f r o m  I n t e g e r s  t o  I n t e g e r s  

Let us consider functions of one or more  variables  f rom the set 
N = { 0, l, 2 . . . .  } of integers into N. We recognize intuit ively that  
functions such as f (x)  = x!,  g(x ,y)  = x 2 + yx are computable .  

A. M. Turing, after w h o m  these lectures are so aptly named,  set 
for himself  the task of defining in precise te rms  which  funct ions 
f" N ~ N, g: N × N ~ N, etc. are effect ively computable .  His model  
of the idealized computer  and the class of recursive functions calculable 
by  this compute r  are too well  k n o w n  to require  exposition. 

What  concerns  us here  is the quest ion of m e a s u r e m e n t  of the 
amoun t  of computa t iona l  work  required for finding a value f ( n )  of a 
computab le  funct ion f" N ~ N. Also, is it possible to exhibit  funct ions 
which  are difficult to compute  by every  program? We shall re turn  to 
these quest ions in 4.1. 

2 . 2  

A l g e b r a i c  E x p r e s s i o n s  

a n d  E q u a t i o n s  

Let E(Xl . . . . .  x n) be an algebraic expression const ructed f rom the 
var iables  x~ . . . . .  x n by  the ar i thmet ical  operat ions  +, - ,  *, /. For 
example,  E = (x~ + x2) * (x3 + x4)/x~ * xs. We are called upon to 
evaluate E(x~ . . . . .  Xn) for a numerical  substitution Xl = c~ . . . . .  x, = c,. 
More generally, the task m a y  be to evaluate  k expressions E~ (x~ . . . . .  
x , )  . . . . .  Ek(x~ . . . . .  xn), for the s imu l t aneous  subs t i tu t ion  x~ =c~, 
• . . ,  Xn  ~ C n. 

Impor tan t  special cases are the following. Evaluat ion of a poly- 
nomial  

f(x) = a n  x n  -Jr- a._ 1 x n -  1 + . . . . . [ _  a o .  (1) 

Matr ix  multiplication AB,  where  A and B are n × n matr ices.  Here  we  
have  to find the values  of the n z express ions  a,b~:+ ... +ai, b,j, 

1 < i, j < n, for given numer ica l  values  of the a U, b o. 

Our example  for the solution of equat ions is the sys tem 

ailx I q.- . . .  -'1- a~ x .  = b i ,  1 < i < n, (2) 

of n l inear equat ions in n u n k n o w n s  x~ . . . . .  xn. We have  to solve 
(evaluate} the unknowns ,  given the coefficients a U, bi, 1 < i, j < n. 

We shall not discuss here  the interest ing quest ion of approximate 
solutions for algebraic and t ranscendenta l  equations,  which  is also 
amenab le  to the tools of complexi ty  theory.  
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2 . 3  

C o m p u t e r  A r i t h m e t i c  

Addition. Given  two n-digit n u m b e r s  a = O~n-lan-2 ... a0, 
b =/3~-1t3,-2 ... /3o (e.g., for n = 4, a = 1011, b = 1100), to find the 
n + 1 digits of the sum a + b = 7n7,_~ ... 7o. 

Multiplication. For the above a,b, find the 2n digits of the product  

a * b = ~2n~2n_l  . . .  ~0" 

The implementation of these arithmetical tasks may be in hardware. 
In this case the base is 2, and o~i, ~i = 0, 1. Given a fixed n we wish 
to construct a circuit with 2n inputs and, for addition, n + 1 outputs. 
When the 2n bits of a, b enter as inputs, the n + 1 outputs will be 
7 ,  7 ~ . . . . .  70. Similarly for multiplication. 

Alternatively we may think about implementat ion or arithmetic by 
an algorithm, i.e., in software. The need for this may arise in a number  
of ways. For example, our arithmetical unit may  perform just addition; 
multiplication must  then be implemented by a subroutine. 

Implementat ion of arithmetic by a program also comes up in the 
context of multiprecision arithmetic. Our computer  has word size k and 
we wish to add and multiply numbers  of length nk (n-word numbers). 
We take as base the number  2 k, so that 0 _< o~i, /3~ < 2 k, and use 
algorithms for finding a + b, a * b. 

2 . 4  

P a r s i n g  E x p r e s s i o n s  
in  Con tex t -Free  L a n g u a g e s  

The scope of complexity theory is by no means  limited to algebraic 
or arithmetical calculations. Let us consider context-free grammars of 
which the following is an example. The alphabet of G consists of the 
symbols t, x, y, z, (,), +, *. Of these symbols, t is a nonterminal and all 
the other symbols are terminals. The productions (or rewrite rules) of 
G are 

1. t ~ ( t + t ) ,  2. t A t * t ,  3. t - ~ x ,  

4. t r y ,  5. t ~ Z .  

Starting from t, we can successively rewrite words by use of the 
productions. For example, 

7 ~  ~ ( 7 +  t ) - - , 3 ( x + 7 ) ~ 2 ( x + 7 * t ) ~ 4  

• (x + y + * 7 )  ~ 5 ( x + y * z ) .  (3) 

The number  above each arrow indicates the product ion used, and 7 
stands for the nonterminal  to be rewritten. A sequence such as (3) 
is called a derivation, and we say that (x + y * z) is derivable from t. 
The set of all words u derivable from t and containing only terminals 

I 9 7 ~  
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is called the language generated by G and is donated by L(G). The above 
G is just an example, and the generalization to arbitrary context-free 
grammars is obvious. 

Context-free grammars and languages commonly appear in pro- 
gramming languages and, of course, also in the analysis of natural 
languages. Two computational problems immediately come up. Given 
a grammar G and a word W (i.e., string of symbols} on the alphabet 
of G, is W ~ L(G)? This is the membership problem. 

The parsing problem is the following. Given a word W ~ L(G), find 
a derivation sequence by productions of G, similar to (3), of W from 
the initial symbol of G. Alternatively, we want a parse tree of W. Finding 
a parse tree of an algebraic expression, for example, is an essential 
step in the compilation process. 

2 .5  
Sorting of Files 

A file of records R1, RE, ..., Rn is stored in either secondary or main 
memory. The index i of the record Ri indicates its location in memory. 
Each record R has a key (e.g., the social-security number in an income- 
tax filel k(R). The computational task is to rearrange the file in memory 
into a sequence Ril ..... Rin so that the keys are in ascending order 

k(Ril) < k(Ri 2) < "'" < k(RO. 

We emphasize both the distinction between the key and the record, 
which may be considerably larger than the key, and the requirement 
of actually rearranging the records. These features make the problem 
more realistic and somewhat harder than the mere sorting of numbers. 

2 . 6  
T h e o r e m  P r o v i n g  

by M a c h i n e  

Ever since the advent of computers, trying to endow them with some 
genuine powers of reasoning was an understandable ambition resulting 
in considerable efforts being expended in this direction. In particular, 
attempts were made to enable the computer to carry out logical and 
mathematical reasoning, and this by proving theorems of pure logic 
or by deriving theorems of mathematical theories. We consider the 
important example of the theory of addition of natural numbers. 

Consider the system X = (N, +) consisting of the natural numbers 
N = { 0, 1,...} and the operation + of addition. The formal language 
L employed for discussing properties of jV is a so-called first-order 
predicate language. It has variables x, y, z . . . .  ranging over natural 
numbers, the operation symbol +, equality =, the usual propositional 
connectives, and the quantifiers V ("for all"} and ] ("there exists"}. 
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A sentence such as 3 x V y  (x + y = y) is a formal transcription of 
" there  exists a number  x so that for all numbers  y, x + y = y." This 
sentence is in fact t rue in A. r 

The set of all sentences of L true in JV will be called the theory of 
JV(Th( .# ' ) )  and will be denoted by PA = Th(.AP). For example, 

Vx 'Cy 3z[x + z = y V Y + z = x] ~ PA. 

We shall also use the name "Presburger 's  arithmetic," honoring 
Presburger, who has proved important  results about Th (JV'). 

The decision problem for PA is to find an algorithm, if indeed such 
an algorithm exists, for determining for every  given sentence F of the 
language L whe ther  F E PA or not. 

Presburger [12] has constructed such an algorithm for PA. Since his 
work, several researchers have at tempted to devise efficient algorithms 
for this problem and to implement  them by programs. These efforts 
were often within the f ramework  of projects in the area of automated 
programming and program verification. This is because the properties 
of programs that one tries to establish are sometimes reducible to 
statements about  the addition of natural  numbers.  

I . it 7 l i  
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3 
Central Issues and Methodology 

of Computational Complexity 
In the previous section we listed some typical computat ional  tasks. 

Later we shall present results which were obtained with respect to these 
problems. We shall now describe, in general terms, the main questions 
that are raised, and the central  concepts that  play a role in complexity 
theory. 

3 . 1  

B a s i c  Concepts 
A class of similar computat ional  tasks will be called a problem. The 

individual cases of a problem P are called instances of P .  Thus P is the 
set of all its instances. The delineation of a problem is, of course, just 
a matter of agreement and notational convenience. We may, for example, 
talk about the problem of matrix multiplication. The instances of this 
problem are, for any integer n, the pairs A, B of n x n matrices which 
are to be multiplied. 

With each instance I ~ P  of a problem P we associate a size, usually 
an integer, Ill. The size funct ion [II is not unique and its choice is 
dictated by the theoretical  and practical considerations germane to the 
discussion of the problem at hand. 

Returning to the example of matrix multiplication, a reasonable 
measure on a pair I = (A, B) of n × n matrices to be multiplied, is 
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]I] = n. If we s tudy memory  space requi rement  for an algorithm for 
matrix multiplication, then the measure ]I] = 2n z may be appropriate. 
By way of contrast, it does not seem that the size function III = n n 
would naturally arise in any context. 

Let P be a problem and AL an algorithm solving it. The algorithm 
AL executes a certain computat ional  sequence $1 when  solving the 
instance I E P. With St we associate certain measurements .  Some of 
the significant measurements  are the following: {1) The length of $1, 
which is indicative of computat ion time. [2) Depth of S~, i.e., the 
number  of layers of concurrent  steps into which S~ can be decom- 
posed. Depth corresponds to the time St would require under  parallel 
computation.  {3} The m e m o r y  space required for the computat ion S~. 
[4) Instead of total number  of steps in St, we may count  the n u m b er  
of steps of a certain kind such as ari thmetical  operations in algebraic 
computations, number  of comparisons in sorting, or number  of fetches 
f rom memory.  

For hardware  implementat ions  of algorithms, we usually define 
the size II] so that all instances I of the same size n are to be solved 
on one circuit C,. The complexity of a circuit C is variously defined 
as number  of gates; depth, which  is again related to computing time; 
or other  measurements ,  such as number  of modules, having to do 
with the technology used for implementing the circuit. 

Having settled on a measure  # on computat ions S, a complexi ty 
of computat ion funct ion FAt can be def ined in a n u m b er  of ways, 
the principal two being worst-case complexity and average-behavior 
complexity. The first not ion is defined by 

FAt(n) = max{ #(Si) ]I ~ P, [I[ = n }. (4) 

In order  to define average behavior  we must  assume a probabil i ty 
distribution p on each set P, = { I[ I ~ P, II[ = n }. Thus for I ~ P, 
[I] = n, p(I)  is the probabil i ty of I arising among all other  instances of 
size n. The average behavior of AL is then defined by 

MAt(n) = ~ p( l )  ~(S~). (5) 
I~1',~ 

We shall discuss in 4.7 the applicability of the assumption of a pro- 
bability distribution. 

The analysis of algorithms deals with the following question. Given 
a size-function II] and a measure  IZ(Sl) on computations,  to exactly 
determine for a given algorithm AL solving a problem P either the 
worst-case complexity F~(n) or, under  suitable assumptions, the 
average behavior MAL(n ). In the present article we shall not enter upon 
questions of analysis, but  ra ther  assume that the complexi ty 
function is known or is at least sufficiently well de termined  for our 
purposes.  
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3 . 2  
T h e  Q u e s t i o n s  

We have now at our disposal the concepts needed for posing the 
central question of complexity theory: Given a computational problem 
P, how well, or at what cost can it be solved? We do not mention any 
specific algorithm for solving P. We rather aim at surveying all possible 
algorRhms for solving P and try to make a statement concerning the 
inherent comput~itional complexity of P. 

It should be borne in mind that a prelimimary step in the study of 
complexity of a problem P is the choice of the measure/~(S) to be used. 
In other words, we must decide, on mathematical or practical grounds, 
which complexity we want to investigate. Our study proceeds once this 
choice was made. 

In broad lines, with more detailed examples and illustrations to come 
later, here are the main issues that will concern us. With the exception 
of the last item, they seem to fall into pairs. 

(1) Find efficient algorithms for the problem P. 
(2) Establish lower bounds for the inherent complexity of P. 
(3) Search for exact solutions of P. 
(4) Algorithms for approximate (near) solutions. 
(5) Study of worst-case inherent complexity. 
(6) Study of the average complexity of P. 
(7) Sequential algorithms for P. 
(8) Parallel-processing algorithms for P. 
(9) Software algorithms. 

(10) Hardware-implemented algorithms. 
(11) Solution by probabilistic algorithms. 

Under (1) we mean the search for good practical algorithms for 
a given problem. The challenge stems from the fact that the immediately 
obvious algorithms are often replaceable by much superior ones. 
Improvements by a factor of 100 are not unheard of. But even a 
saving of half the cost may sometimes mean the difference between 
feasibility and nonfeasibility. 

While any one algorithm AL for P yields an upper bound FAL(n) to 
the complexity of P, we are also interested in lower bounds. The typical 
result states that every AL solving P satisfies g(n)< Fox(n), at least for 
no < n where no--no(AL). In certain happy circumstances upper 
bounds meet lower bounds. The complexity for such a problem is 
then completely known. In any case, besides the mathematical interest 
in lower bounds, once a lower bound is found it guides us in the 
search for good algorithms by indicating which efficiencies should not 
be attempted. 

The idea of near-solutions (4) for a problem is significant because 
sometimes a practically satisfactory near-solution is much easier to 
calculate than the exact solution. 

I 9 7 ~ 
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The main questions (1) and (2) can be studied in combination with 
one or more of the alternatives (3)-(11). Thus, for example, we can 
investigate an upper bound for the average time required for sorting 
by k processors working in parallel. Or we may study the number of 
logical gates needed for sorting n input-bits. 

It would seem that with the manifold possibilities of choosing the 
complexity measure and the variety of questions that can be raised, 
the theory of complexity of computations would become a collection 
of scattered results and unrelated methods. A theme that we try to stress 
in the examples we present is the large measure of coherence within 
this field and the commonality of ideas and methods that prevail 
throughout. 

We shall see that efficient algorithms for the parallel evaluation of 
polynomials are translatable into circuits for fast addition of n-bit 
numbers. The Fast Fourier Transform idea yields good algorithms for 
multiprecision number multiplication. On a higher plane, the relation 
between software and hardware algorithms mirrors the relation 
between sequential and parallel computations. Present-day programs 
are designed to run on a single processor and thus are sequential, 
whereas a piece of hardware contains many identical subunits which 
can be viewed as primitive processors operating in parallel. The method 
of preprocessing appears time and again in our examples, thus being 
another example of commonality. 

4 
Resu l t s  

4.1 

Complexity 
of General Recursive Functions 

In [13, 14] the present author initiated the study of classification 
of computable functions from integers to integers by the complexity 
of their computation. The framework is axiomatic so that the notions 
and results apply to every reasonable class of algorithms and every 
measure on computations. 

Let K be a class of algorithms, possibly based on some model of 
mathematical machines, so that for every computable functionf." N ~ N 
there exists an AL ~ K computing it. We do not specify the measure 
# (S) on computations S but rather assume that # satisfies certain natural 
axioms. These axioms are satisfied by all the concrete examples of 
measures listed in 3.1. The size of an integer n is taken to be [ n I = n. 
The computation of f is a problem where for each instance n we have 
to find f(n). Along the lines of 3.1 (4), we have for each algorithm AL 
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for f the complexity of computation function FAL(n) measuring the 
work involved in computing f (n )  by AL. 

THEOREM [13, 14]. For every computable function g: N ~ N there 
exists a computable function f: N ~ { O, 1 } so that for every algorithm 
AL K computing f there exists a number no such that 

g(n) < FAL(n), for no < n. 

We require that f be a 0-1 valued function because otherwise we 
could construct a complex function by simply allowing f (n )  to grow 
very rapidly so that writing down the result would be hard. 

The limitation no < n in (6) is necessary. For eve ry fand  k.we can 
construct an algorithm incorporating a table of the valuesf(n), n < k, 
making the calculation trivial for n < k. 

The main point of the above theorem is that (6), with a suitable 
no = no(AL), holds for every algorithm fo r f  Thus the inherent complex- 
ity of computing f is larger than g. 

Starting from [14], M. Blum [1] introduced different but essentially 
equivalent axioms for the complexity function. Blum obtained many 
interesting results, including the speed-up theorem. This theorem shows 
the existence of computable functions for which there is no best 
algorithm. Rather, for every algorithm for such a function there exists 
another algorithm computing it much faster. 

Research in this area of abstract complexity theory made great strides 
during the last decade. It served as a basis for the theory of complexity 
of computations by first bringing up the very question of the cost of 
a computation, and by emphasizing the need to consider and compare 
all possible algorithms solving a given problem. 

On the other hand, abstract complexity theory does not come to grips 
with specific computational tasks and their measurement by practically 
significant yardsticks. This is done in the following examples. 

I 9 7 li 
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4 .2  

A l g e b r a i c  C a l c u l a t i o n s  

Let us start with the example of evaluation of polynomials. We take 
as our measure the number of arithmetical operations and use the 
notation (nA, kM) to denote a cost of n additions/subtractions and k 
multiplications/divisions. By rewriting the polynomial (1) as 

f(x) = ( . . . ( ( a , x  + a,_l)x + a,_2)) x + ... + a0, 

we see that the general n-degree polynomial can be evaluated by 
(nA, nM). In the spirit of questions 1 and 2 in 3.2, we ask whether a 
clever algorithm might use fewer operations. Rather delicate math- 
ematical arguments show that the above number is optimal so that this 
question is completely settled. 
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T. Motzkin in t roduced in [9] the impor tan t  idea of preprocess ing for 
a computat ion.  In m a n y  impor tan t  applicat ions we are called upon to 
evaluate the same polynomia l  f ( x )  for m a n y  a rgument  values x = cl, 
x = c2 . . . . .  He suggested the following strategy of preprocess ing the 
coefficients of the polynomia l  (1). Calculate once and for all n u m b e r s  
c¢0(a0 . . . . .  an) ... can(a0 . . . . .  a,) f rom the given coefficients ao . . . . .  an. 
When  evaluating f ( c )  use Oto . . . . .  otn. This approach  makes  computa-  
tional sense w h e n  the cost of preprocess ing is small as compared  to 
the total savings in comput ing  f(cl) ,  f ( c2 )  . . . . .  i.e., w h e n  the expected 
n u m b e r  or a rguments  for whichf (x )  is to be evaluated is large. Motzkin 
obtained the following. 

THEOREM. Using preproeessing, a polynomial o f  degree n can be evaluated 
by (hA, ([n/2] + 2)U). 

Again one can prove that  this result  is essentially the best possible. 
What  about  evaluation in parallel? If we use k processors  and have to 
evaluate an expression requir ing at least m operations,  then  the best 
that  we can hope for is computa t ion  t ime (m/k )  - 1 + logzk. 

Namely, assume that  all processors  are cont inuous ly  busy, then 
m - k operat ions are pe r fo rmed  in t ime (re~k) - 1. The remain ing  k 
operat ions mus t  combine  by b inary  operat ions  k inputs  into one out- 
put, and this requires  t ime logzk at least. In v iew of the above, the fol- 
lowing result  due to Munro  and Paterson [10] is near ly  best  possible. 

THEOREM. The polynomial (1) can be evaluated by k processors working 
in parallel in time (2n/k) + log2k + O(1). 

With the advances  in ha rdware  it is not unreasonable  to expect that  
we may  be able to employ  large n u m b e r s  of processors  on the same 
task. Brent [3], among  others, s tudied the implicat ions of unl imited 
paral le l ism and proved  the following. 

THEOREM. Let E(x, . . . . .  xn) be an arithmetical expression, where each 
variable x i appears only once. The expression E can be evaluated under 
unlimited parallelism in time 4 log2n. 

Another  impor tan t  topic is the Fast Fourier Transform (FFT). The 
operation of convolution which  has m a n y  applications, such as to signal 
processing, is an example  of a computa t ion  great ly facilitated by the 
FFT. Let a~ . . . . .  a,  be a sequence  of n numbers ,  b~, b2 . . . . .  be a s t ream 
of incoming numbers .  Define for i = 1, 2 . . . . .  

C i = a, b i q- a2b i +l -.b "" -.b anb i + n - 1" (7) 

We have to calculate the values c,, c2 . . . . .  From (7) it seems that  the 
cost per  value of c; is 2n operations.  If we compute  the ci's in blocks 
of size n, i.e. c, . . . . .  cn, and cn +, . . . . .  c2n, etc. using FFT, then  the cost 
per  block is about  5n logzn, so that the cost of a single ci is 5 logzn. 

Using a clever combinat ion of algebraic and number- theoret ic  ideas, 
S. Winograd [20] recent ly  improved  computa t ion  t imes of convolut ion 
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for small values of n and of the discrete Fourier transform for small 
to medium values of n. For n ~ 1000, for example, his method is about 
twice as fast as the conventional FFT algorithm. 

The obvious methods for n × n matrix multiplication and for the 
solution of the system (2) of n linear equations in n unknowns require 
about n 3 operations. Strassen [17] found the following surprising result. 
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THEOREM. ~ 0  n × n matrices can be multiplied using at most 4.7n T M  

operations. A system of n linear equations in n unknowns can be solved by 
4.8n T M  operations. 

It is not likely that the exponent log27- 2.81 is really the best 
possible, but at the time of writing of this article all attempts to improve 
this result have failed. 

4 . 3  

H o w  F a s t  C a n  W e  

A d d  o r  M u l t i p l y ?  

This obviously important question underwent thorough analysis. A 
simple fan-in argument shows that if gates with r inputs are used, then 
a circuit for the addition of n-bit numbers requires at least time logrn. 
This lower bound is in fact achievable. 

It is worthwhile noticing that, in the spirit of the remarks in 3.2 
concerning the analogy between parallel algorithms and hardware 
algorithms, one of the best results on circuits for addition (Brent [211 
employs Boolean identities which are immediately translatable into an 
efficient parallel evaluation algorithm for polynomials. 

The above results pertain to the binary representation of the 
numbers to be added. Could it be that under a suitably clever coding 
of the numbers 0 < a < 2", addition mod 2" is performable in time 
less than logrn? Winograd [19] answered this question. Under very 
general assumptions on the coding, the lower bound remains logrn. 

Turning to multiprecision arithmetic, the interesting questions arise 
in connection with multiplication. The obvious method for multi- 
plying numbers of length n involves n 2 bit-operations. Early attempts 
at improvements employed simple algebraic identities and resulted with 
a reduction to O(n ~.58) operations. 

Sch6nhage and Strassen [16] utilized the connection between 
multiplication of natural numbers and polynomial multiplication and 
employed the FFT to obtain the following theorem. 

THEOREM. TWO n-bit numbers can be multiplied by O(n log n log log n) 
bit-operations. 

Attempts at lower bounds for complexity of integer multiplication 
must refer to a specific computational model. Under very reasonable 
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assumptions Paterson, Fischer, and Meyer [11] have considerably 
narrowed the gap between the upper and lower bounds by showing 
the following. 

THEOREM. At least O(n log n/Iog log n) operations are necessary for multi- 
plying n-bit numbers. 

4 . 4  
S p e e d  o f  P a r s i n g  

Parsing of expressions in context-free grammars would seem at first 
sight to require a costly backtracking computation. A dynamical 
computation which simultaneously seeks the predecessors of all 
substrings of the string to be parsed, leads to an algorithm requiring 
O(n 3) steps for parsing a word of length n. The coefficient of n 3 depends 
on the grammar. This was for a long while the best result, even though 
for special classes of context-free grammars better upper bounds were 
obtained. 

Fischer and Meyer observed that Strassen's algorithm for matrix 
multiplication can be adapted to yield an O(n2S'c(n)), bit-operations 
algorithm for the multiplication of two n × n Boolean matrices. Here 
c(n) = log n log log n log log log n and is thus O(n ~) for every 0 < a. 

Valiant [18] found that parsing is at most as complex as Boolean 
matrix multiplication. Hence, since actually log27 < 2.81, the following 
theorem holds: 

THEOREM. Expressions of length n in the context-free language L(G) can 
be parsed in time d(G)n TM. 

We again see how results from algebraic complexity bear fruit in 
the domain of complexity of combinatorial computations. 

4 .5  
D a t a  P r o c e s s i n g  

Of the applications of complexity theory to data processing we 
discuss the best known example, that of sorting. We follow the formu- 
lation given in 2.5. 

It is well known that the sorting of n numbers in random access 
memory requires about n log n comparisons. This is both the worst case 
behavior of some algorithms and the average behavior of other 
algorithms under the assumption that all permutations are equally likely. 

The rearrangement of records R,, R2 . . . . .  Rn poses additional pro- 
blems because the file usually resides in some sequential or nearly 
sequential memory such as magnetic tape or disk. Size limitations 
enable us to transfer into the fast memory for rearrangement only a 
small number of records at a time. Still it is possible to develop 
algorithms for the actual reordering of the files in time cn log n where 
c depends on characteristics of the system under discussion. 

An instructive result in this area is due to Floyd [6]. In his model 
the file is distributed on a number of pages Pi .. . . .  Pm and each page 
contains k records so that Pi contains the records Ri, . . . . .  Rgk. For our 
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purposes  we may assume without  loss of generali ty that m = k. The 
task is to redistribute the records so that R U will go to page Pj for all 
1 _< i, j -< k. The fast memory  is large enough to allow reading in 
two pages Pe, Pj, redistribute their records, and read the pages out. 
Using a recursion analogous to the one employed in the FFT, Floyd 
proved the following. 

THEOREM. The redistribution o f  records in the above manner  can be 
achieved by k log2 k transfers into fast  memory. This result is the best 
possible. 

The lower bound is established by considering a suitable entropy 
function. It applies under  the assumption that within fast m em o ry  
the records are just shuffled. It is not known whe ther  allowing com- 
putations with the records, viewed as strings of bits, may  produce an 
algorithm with fewer fetches of pages. 
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4.6  
I n t r a c t a b l e  P r o b l e m s  

The domain of theorem proving by machine serves as a source of 
computat ional  problems which require such an inordinate number  of 
computational steps so as to be intractable. In attempts to run programs 
for the decision problem of Presburger 's  ari thmetic (PA) on the com- 
puter, the computat ion terminated only on the simplest instances tried. 
A theoretical basis for this pragmatic fact is provided by the following 
result due to Fischer and Rabin [5]. 

THEOREM. There exists a constant 0 < c so that for every decision 

algorithm AL for PA there is a number no such that for every no < n 
there is a sentence H of the language L {the language for addition of 
numbers] satisfying (1) l(H) = n, (2) AL takes more than 2 2on steps to 
determine whether H ~ PA, i.e., whether H is true in (N, +). Here l(H) 
denotes the length of H. 

The constant c depends on the notation used for stating properties 
of (N, +) .  In any case, it is not very  small. The rapid growth of the 
inherent  lower bound 2 2on shows that even w h en  trying to solve the 
decision problem for this very  simple and basic mathematical  theory, 
we run into practically impossible computations.  Meyer  [8] produced 
examples of theories with even more devastatingly complex decision 
problems. 

The simplest level of logical deduct ion is the proposit ional cal- 
culus. From propositional variables Pl, p2 . . . . .  we can construct  
formulas such as [Pl A - p , ]  V [P2 A - - P , ]  by the proposit ional 
connectives. The satisfiability problem is to decide for a propositional 
formula  G(p, . . . . .  p~) whe the r  there  exists a truth-value assign- 
ment  to the variables p, . . . . .  p, so that G becomes true. The assign- 
ment  p, = F {false}, P2 = T (true), for example, satisfies the above 
formula. 
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The straightforward algorithm for the satisfiability problem will 
require about 2 n steps for a formula with n variables. It is not known 
whether there exist nonexponential algorithms for the satisfiability 
problem. 

The great importance of this question was brought to the forefront 
by Cook [4]. One can define a natural process of so-called polynomial 
reduction of one computational problem P to another problem Q. If 
P is polynomially reducible to Q and Q is solvable in polynomial 
time then so is P. Two problems which are mutually reducible are 
called polynomially equivalent. Cook has shown that the satisfiability 
problem is equivalent to the so-called problem of cliques in graphs. 
Karp [7] brings a large number of problems equivalent to satisfiability. 
Among them are the problems of 0 -1  integer programming, the 
existence of Hamiltonian circuits in a graph, and the integer-valued 
traveling-salesman problem, to mention just a few examples. 

In view of these equivalences, if any one of these important problems 
is solvable in polynomial time then so are all the others. The question 
whether satisfiability is of polynomial complexity is called the P = NP 
problem and is justly the most celebrated problem in the theory of 
complexity of computations. 

4 . 7  

P r o b a b i l i s t i c  A l g o r i t h m s  

As mentioned in 3.1, the study of the average behavior or expected 
time of an algorithm is predicated on the assumption of a probability 
distribution on the space of instances of the problem. This assump- 
tion involves certain methodological difficulties. We may postulate 
a certain distribution such as all instances being equally likely, but 
in a practical situation the source of instances of the problem to be 
solved may be biased in an entirely different way. The distribution may 
be shifting with time and will often not be known to us. In the extreme 
case, most instances which actually come up are precisely those for 
which the algorithm behaves worst. 

Could we employ probability in computations in a different manner, 
one over which we have total control? A probabilistic algorithm A L  for 
a problem P uses a source of random numbers. When solving an 
instance I E P, a short sequence r = (bl . . . . .  b k) of random numbers 
is generated, and these are used in AL to solve P in exact terms. With 
the exception of the random choice of r, the algorithm proceeds com- 
pletely deterministically. 

We say that such an AL solves P in expected time f ( n )  if for every 
I ~ P, II] = n, AL solves I in expected time less than or equal to f(n). 
By expected time we mean the average of all solution times of I by AL 
for all possible choice sequences r (which we assume to be equally 
likely). 

Let us notice the difference between this notion and the well-known 
Monte-Carlo method. In the latter method we construct for a problem 
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a stochastic process which emulates it and then measure the stochastic 
process to obtain an approximate solution for the problem. Thus the 
Monte-Carlo method is, in essence, an analog method of solution. Our 
probabilistic algorithms, by contrast, use the random numbers  bl, 
.... bk to determine branchings in otherwise deterministic algorithms 
and produce exact rather  than approximate solutions. 

It may seem unlikely that such a consultation with a " throw of the 
dice" could speed up a computation. The present  author systematically 
studied [15] probabilistic algorithms. It turns out that in certain cases 
this approach effects dramatic improvements .  

The nearest  pair in a set of points xl . . . . .  x, E R k (k-dimensional 
space) is the pair xi, xj, i ¢ j, for which the distance d(xi, xi) is 
minimal. A probabilistic algorithm finds the nearest  pair in expected 
t ime O(n), more rapidly than any conventional  algorithm. 

The problem of determining whether  a natural  number  n is prime 
becomes intractable for large n. The present  methods  break down 
around n-1060 when  applied to numbers  which are not of a special 
form. A probabilistic algorithm devised by the author works in time 
O(log n)3). On a medium-sized computer,  24°°-593 was recognized as 
prime within a few minutes.  The method works just as well on any 
other  number  of comparable size. 

The full potential  of these ideas is not yet known and merits 
fur ther  study. 

5 
N e w  D i r e c t i o n s  

Of the possible avenues for further research, let us mention just two. 

5 .1  

Large Data  Structures 
Commercial  needs prescribe the creation of ever larger databases. 

At the same time present-day and, even more so, imminent  future 
technologies, make it possible to create gigantic storage facilities with 
varying degrees of f reedom of access. 

Much of the current  research on databases is directed at the inter- 
face languages be tween the user and the system. But the enormous  
sizes of the lists and other structures contemplated would tend to make 
the required operations on these structures very costly unless a deeper  
understanding of the algorithms to perform such operations is gained. 

We can start with the problem of finding a theoretical, but  at the 
same time practically significant, model  for lists. This model  should 
be versatile enough to enable specialization to the various types of list 
structures now in use. 

What are operations on lists? We can enumerate  a few. Search 
through a list, garbage collection, access to various points in a list, 
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insertions, deletions, mergers  of lists. Could one systematize the s tudy 
of these and other  significant operations? What  are reasonable  cost 
functions that  can be associated with  these operat ions? 

Finally, a deep quanti tat ive unders tanding  of data s t ructures  could 
be a basis for r ecommenda t ions  as to technological  directions to be 
followed. Does parallel processing appreciably  speed up various opera- 
tions on data structures? What  useful  proper t ies  can lists be endowed 
with in associative memor ies?  These are, of course, just  examples.  

5.2 
S e c u r e  C o m m u n i c a t i o n s  

Secure communica t ions  employ  some kind of coding devices, and 
we can raise fundamenta l  quest ions of complexi ty  of computa t ions  in 
relation to these systems.  Let us illustrate this by  means  of the sys tem 
of block-encoding. 

In block-encoding, one employs  a digital device which  takes as 
inputs  words  of length n and encodes  t hem by use of a key. If x is a 
word of length n and z is a key (let us assume that keys are also of length 
nJ, then let E:(x) = y, l(y) = n, denote  the result  of encoding x by use 
of the key z. A message w = x~, x2 . . . . .  x, of length kn is encoded as 
Ez(x,) Ez(x2) ... Ez(xk). 

If an adversary is able to obtain the current  key z, then he can decode 
the communica t ions  be tween  the parties, since we assume  that he 
is in possession of the coding and decoding equipment .  He can also 
interject into the line bogus messages  which  will decode properly.  
In commerc ia l  communica t ions  this possibil i ty is pe rhaps  even more  
dangerous  than the breach  of secrecy. 

In considering securi ty  one should take into account  the possibili ty 
that the adversary gets hold of a num ber  of messages w~, w2 . . . . .  in clear 
text, and in encoded fo rm Ez(w~), Ez(w2) . . . . .  Can the key z be com- 
puted  f rom this data? 

It would not do to prove that  such a computa t ion  is intractable.  
For the results of current  complexi ty theory give us worst-case informa- 
tion. Thus if, say, for the major i ty  of key-retrieval computa t ions  a lower 
bound of 2 n on computat ional  complexity will be established, then the 
p rob lem will be deem ed  intractable.  But if an algori thm will discover 
the key in practical t ime in one case in a thousand then the possibilities 
of f raud would  be unaccep tab ly  large. 

Thus we need a theory  of complexi ty  that  will enable  us to state 
and prove that a certain computa t ion  is intractable in vir tual ly every  
case. For example,  a block-encoding sys tem is safe if any  algori thm for 
key de terminat ion  will t e rmina te  in practical  t ime only on 0(2  -~) of 
the cases. We are very  far f rom creation of such a theory, especial ly 
at the present  stage w h e n  P = NP is not yet settled. 
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Categories and  Subject  Descriptors:  
E2.1 [Analysis of Algorithms and Problem Complexity]: Numerical 
Algorithms and Problems--computations on polynomials; E2.2 (Analysis of 
Algorithms and Problem Complexity]: Nonnumerical Algorithms and 
Problems-- sorting and searching; F.4.1 [Mathematical Logic and Formal 
Languages]: mechanical theorem proving; E4.2 [Mathematical Logic and 
Formal Languages]: Grammars and Other Rewriting Systems--grammar 
types: G.1.0 [Numerical Analysis]: General--computer arithmetic 

General  Terms: 
Algorithms, Languages, Security, Theory, Verification 

Addit ional  Key Words and  Phrases:  
Complexity theory, parsing 
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